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Abstract. Let p be an odd prime and a be a positive integer. In this
paper we investigate the sum
∑pa−1
k=0
(
hpa−1
k
)(
2k
k
)
/mk mod p2, where h,m
are p-adic integers with m 6≡ 0 (mod p). For example, we show that if
h 6≡ 0 (mod p) and pa > 3, then
pa−1∑
k=0
(hpa − 1
k
)(2k
k
)(
−
h
2
)k
≡
(
1− 2h
pa
)(
1 + h
((
4−
2
h
)p−1
− 1
))
(mod p2),
where (−) denotes the Jacobi symbol. Here is another remarkable congru-
ence: If pa > 3 then
pa−1∑
k=0
(pa − 1
k
)(2k
k
)
(−1)k ≡ 3p−1
(
pa
3
)
(mod p2).
1. Introduction
Let p be a prime. In 2006 H. Pan and Z. W. Sun [PS] proved that
p−1∑
k=0
(
2k
k + d
)
≡
(
p− d
3
)
(mod p) for d = 0, . . . , p,
where (−) is the Jacobi symbol. Later Sun and R. Tauraso [ST1, ST2]
determined
∑pa−1
k=0
(
2k
k
)
/mk and
∑p−1
k=1
(
2k
k
)
/(kmk−1) modulo p via Lucas
sequences, where m is an integer not divisible by p and a is any positive
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integer. Recently Sun [S10a] was able to determine
∑pa−1
k=0
(
2k
k
)
/mk mod
p2. See also [SSZ], [GZ] and [S10b] for related results on p-adic valuations.
In this paper we study a new kind of sums
pa−1∑
k=0
(
hpa − 1
k
)(2k
k
)
mk
modulo p2, where a ∈ Z+ = {1, 2, 3, . . .}, and h and m are p-adic integers
with m 6≡ 0 (mod p).
For a prime p we use Zp to denote the ring of p-adic integers; if h ∈ Zp
and h 6≡ 0 (mod p) then we denote the quotient (hp−1−1)/p ∈ Zp by qp(h)
and call it a Fermat quotient. For m,n ∈ N = {0, 1, 2, . . .}, the Kronecker
symbol δm,n takes 1 or 0 according as m = n or not.
Now we state our main results and give some corollaries.
Theorem 1.1. Let p be an odd prime and let a ∈ Z+. Let h be a p-adic
integer with h 6≡ 0 (mod p), and (2h 6≡ 1 (mod p) or pa > 3). Then
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−h
2
)k
≡
(
1− 2h
pa
)(
1 + h
((
4− 2
h
)p−1
− 1
))
(mod p2).
(1.1)
Corollary 1.1. Let p be an odd prime and let a ∈ Z+. Then
pa−1∑
k=0
(
pa − 1
k
) (2k
k
)
(−2)k ≡ (−1)
(pa−1)/22p−1 (mod p2). (1.2)
Proof. Simply apply Theorem 1.1 with h = 1. 
Remark 1.1. Let m ∈ Z and n ∈ Z+. Later we will show that
n−1∑
k=0
(
n− 1
k
)(
2k
k
)
(−1)kmn−1−k
=
⌊(n−1)/2⌋∑
k=0
(
n− 1
k
)(
n− 1− k
k
)
(m− 2)n−1−2k.
(1.3)
Thus, for any prime p > 3, by applying Morley’s congruence (cf. [M], [C]
and [P]) (
p− 1
(p− 1)/2
)
≡ (−1)(p−1)/24p−1 (mod p3)
we get
p−1∑
k=0
(
p− 1
k
) (2k
k
)
(−2)k ≡ (−1)
(p−1)/22p−1 (mod p3)
which is a refinement of (1.2) in the case a = 1.
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Corollary 1.2. Let p > 3 be a prime and let a ∈ Z+. Then
pa−1∑
k=0
(
2pa − 1
k
)(
2k
k
)
(−1)k ≡
(
pa
3
)
(2× 3p−1 − 1) (mod p2) (1.4)
and
pa−1∑
k=0
(
pa + k
k
)(2k
k
)
2k
≡
(
3
pa
)
(1− p(qp(2) + qp(3)) (mod p2). (1.5)
Proof. Just put h = 2 and h = −1 in (1.1) and note that (−x
k
)
=
(−1)k(x+k−1k ). 
Corollary 1.3. Let p be an odd prime and let a ∈ Z+. Then
pa−1∑
k=0
(
2pa + k
k
)(
2k
k
)
(−1)k ≡
(
pa
5
)(
3− 2× 5p−1) (mod p2). (1.6)
Proof. Simply apply (1.1) with h = −2. 
Now we need to introduce Lucas sequences.
Let A,B ∈ Z. The Lucas sequences un = un(A,B) (n ∈ N) and
vn = vn(A,B) (n ∈ N) are defined by
u0 = 0, u1 = 1, and un+1 = Aun −Bun−1 (n = 1, 2, 3, . . . )
and
v0 = 2, v1 = A, and vn+1 = Avn −Bvn−1 (n = 1, 2, 3, . . . ).
The characteristic equation x2 − Ax+B = 0 has two roots
α =
A+
√
∆
2
and β =
A+
√
∆
2
,
where ∆ = A2 − 4B. It is well known that for any n ∈ N we have
un =
∑
06k<n
αkβn−1−k and vn = α
n + βn.
If p is a prime then
vp = α
p + βp ≡ (α+ β)p = Ap ≡ A (mod p).
It is also known that
up ≡
(
∆
p
)
(mod p) and up−(∆
p
) ≡ 0 (mod p)
for any prime p not dividing 2B. (See, e.g., [S10a, Lemma 2.3].) The
reader may consult [S06] for connections between Lucas sequences and
quadratic fields.
Our following result is more general than Theorem 1.1.
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Theorem 1.2. Let p be an odd prime and m ∈ Z with p ∤ m. Set ∆ =
m(m− 4) and let h ∈ Zp. Then we have
pa−1∑
k=0
(
hpa − 1
k
) (2k
k
)
(−m)k
≡
(
∆
pa−1
)(
1− hm
2
)
up−(∆
p
)(m− 2, 1)
+
(
∆
pa
)
(1 + h((m− 4)p−1 − 1))
−
{
h(m− 4) (mod p2) if pa = 3 and 3 | m− 1,
0 (mod p2) otherwise.
(1.7)
In particular, if hm ≡ 2 (mod p) then
pa−1∑
k=0
(
hpa − 1
k
) (2k
k
)
(−m)k
≡
(
∆
pa
)
(1 + h((m− 4)p−1 − 1))
+
{
m− 4 (mod p2) if pa = 3 and 3 | m− 1,
0 (mod p2) otherwise.
.
(1.8)
Corollary 1.4. Let p be an odd prime and let a ∈ Z+ with pa > 3. Then
pa−1∑
k=0
(
pa − 1
k
)(
2k
k
)
(−1)k ≡ 3p−1
(
pa
3
)
(mod p2) (1.9)
and
pa−1∑
k=0
(
pa − 1
k
) (2k
k
)
(−3)k ≡
(
pa
3
)
(mod p2). (1.10)
Proof. Just apply (1.7) with h = 1 and m ∈ {1, 3} and note that
(−1)n−1un(1, 1) = un(−1, 1) = (n3 ) for n ∈ N. 
Corollary 1.5. Let p 6= 2, 5 be a prime and let a ∈ Z+. Then
pa−1∑
k=0
(
pa − 1
k
)(
2k
k
)
≡
(
pa
5
)(
5p−1 − 3Fp−( p
5
)
)
(mod p2) (1.11)
and
pa−1∑
k=0
(
pa − 1
k
) (2k
k
)
(−5)k ≡
(
pa
5
)(
1− 3Fp−( p
5
)
)
(mod p2), (1.12)
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where {Fn}n>0 is the well-known Fibonacci sequence defined by
F0 = 0, F1 = 1, and Fn+1 = Fn + Fn−1 (n = 1, 2, 3, . . . ).
Proof. Observe that
(−1)n−1un(−3, 1) = un(3, 1) = F2n = FnLn,
where Ln = vn(1,−1). By [SS, Corollary 1] (or the proof of Corollary
1.3 of [ST1]), if p 6= 2, 5 then Lp−( p
5
) ≡ 2
(
p
5
)
(mod p2). In view of this,
if we apply (1.7) with h = 1 and m ∈ {−1, 5} the we obtain the desired
result. 
To conclude this section we raise four conjectures.
Conjecture 1.1. Let p be an odd prime and let h be an integer with
2h− 1 ≡ 0 (mod p). If a ∈ Z+ and pa > 3, then
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−h
2
)k
≡ 0 (mod pa+1).
Also, for any n ∈ Z+ we have
1
n
n−1∑
k=0
(
hn − 1
k
)(
2k
k
)(
−h
2
)k
∈ Zp.
Conjecture 1.2. Let p > 3 be a prime. Then
p−1∑
k=0
(
p− 1
k
)(
2k
k
)
((−1)k − (−3)−k) ≡
(p
3
)
(3p−1 − 1) (mod p3).
Conjecture 1.3. Let p be a prime with p ≡ ±1 (mod 12). Then
p−1∑
k=0
(
p− 1
k
)(
2k
k
)
(−1)kuk(4, 1) ≡ (−1)(p−1)/2up−1(4, 1) (mod p3).
Conjecture 1.4. Let p be a prime with p ≡ ±1 (mod 8). Then
p−1∑
k=0
(
p− 1
k
)(
2k
k
)
uk(4, 2)
(−2)k ≡ (−1)
(p−1)/2up−1(4, 2) (mod p
3).
We remark that the author could prove the congruences in Conjectures
1.2–1.4 modulo p2.
In the next section we provide some lemmas. Section 3 is devoted to
our proofs of Theorems 1.1–1.2 and (1.3).
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2. Some Lemmas
For n ∈ N we set Hn =
∑
0<k6n 1/k.
Lemma 2.1. Let p be an odd prime and let m ∈ Z with p ∤ m. If p | m−4
then
pa−1∑
k=1
pa−1Hk
mk
(
2k
k
)
≡ 2δa,1 (mod p). (2.1)
When m 6≡ 4 (mod p), we have
pa−1∑
k=1
pa−1Hk
mk
(
2k
k
)
≡ −
(
m(m− 4)
pa
) p−1∑
k=1
(
2k
k
)
k(4−m)k (mod p). (2.2)
Proof. For k = 1, . . . , (pa − 1)/2, we have
(
(pa−1)/2
k
)
(
2k
k
)
/(−4)k =
(
(pa−1)/2
k
)
(
−1/2
k
) =
k∏
j=1
(pa − 1)/2− j + 1
−1/2− j + 1
=
k∏
j=1
(
1− p
a
2j − 1
)
≡ 1 (mod p).
If k ∈ {(pa + 1)/2, . . . , pa − 1}, then 2k − pa ∈ {1, . . . , k − 1} and hence
(
2k
k
)
=
(
pa + (2k − pa
k
)
≡
(
pa
0
)(
2k − pa
k
)
= 0 (mod p)
with the help of Lucas’ congruence. So, for any k = 0, . . . , pa− 1 we have
(
2k
k
)
≡ (−4)k
(
(pa − 1)/2
k
)
(mod p). (2.3)
Note also that
pa−1Hk =
k∑
j=1
pa−1
j
∈ Zp for every k = 1, . . . , pa − 1.
Therefore
pa−1∑
k=1
pa−1Hk
mk
(
2k
k
)
≡
(pa−1)/2∑
k=1
(
(pa − 1)/2
k
)(
− 4
m
)k
(pa−1Hk) (mod p).
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For each k ∈ N clearly
Hk =
∑
0<j6k
∫ 1
0
xj−1dx =
∫ 1
0
∑
0<j6k
xj−1dx
=
∫ 1
0
1− xk
1− x dx =
∫ 1
0
1− (1− t)k
t
dt.
Thus
pa−1∑
k=1
pa−1Hk
mk
(
2k
k
)
≡ pa−1Σ (mod p),
where
Σ :=
∫ 1
0
(pa−1)/2∑
k=0
(
(pa − 1)/2
k
)(
− 4
m
)k
1− (1− t)k
t
dt
=
∫ 1
0
(1− 4/m)(pa−1)/2 − (1− (1− t)4/m)(pa−1)/2
t
dt
=−
(pa−1)/2∑
k=1
(
(pa − 1)/2
k
)(
1− 4
m
)(pa−1)/2−k ∫ 1
0
(
4t
m
)k
dt
t
=− 1
m(pa−1)/2
(pa−1)/2∑
k=1
(
(pa − 1)/2
k
)
4k
k
(m− 4)(pa−1)/2−k.
If m ≡ 4 (mod p), then
pa−1Σ ≡ − 1
m(pa−1)/2
· p
a−1
(pa − 1)/24
(pa−1)/2 ≡ 2δa,1 (mod p)
and hence (2.1) holds.
Now assume that m 6≡ 4 (mod p). In view of (2.3),
pa−1Σ ≡− (m(m− 4))
(pa−1)/2
mpa−1
pa−1∑
k=1
(
2k
k
)
(−1)kpa−1
k(m− 4)k
≡−
(
m(m− 4)
pa
)
pa−1
pa−1∑
k=1
(
2k
k
)
k(4−m)k (mod p).
So it suffices to prove that
pa−1
pa−1∑
k=1
(
2k
k
)
knk
≡
p−1∑
k=1
(
2k
k
)
knk
(mod p)
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for any n ∈ Z with p ∤ n. If pa−1 ∤ k then pa−1/k ≡ 0 (mod p). Therefore
pa−1
pa−1∑
k=1
(
2k
k
)
knk
≡ pa−1
p−1∑
j=1
(
2pa−1j
pa−1j
)
pa−1jnpa−1j
≡
p−1∑
j=1
(
2j
j
)
jnj
(mod p)
in view of the Lucas congruence (cf. [St, p. 44]).
So far we have completed the proof of Lemma 2.1. 
Lemma 2.2 (Sun [S10a]). Let p be an odd prime and let a ∈ Z+. Let m
be any integer not divisible by p and set ∆ = m(m− 4). Then we have
pa−1∑
k=0
(
2k
k
)
mk
≡
(
∆
pa
)
+
(
∆
pa−1
)
up−(∆
p
)(m− 2, 1) (mod p2).
Lemma 2.3 (Sun and Tauraso [ST1]). Let p be a prime and let m be an
integer not divisible by p. Then we have
1
2
p−1∑
k=1
(−1)k
(
2k
k
)
kmk−1
≡ m
p − vp(m,−m)
p
(mod p).
Lemma 2.4. Let p be an odd prime and let m ∈ Z with ∆ = m(m− 4) 6≡
0 (mod p). Then
2
m− 4 ·
vp(m− 4, 4−m) − (m− 4)p
p
≡m
2
(
∆
p
) up−(∆
p
)(m− 2, 1)
p
− qp(m− 4) (mod p).
(2.4)
Proof. (i) Let us first show the equality
v2n+1(m− 4, 4−m)
(m− 4)n+1 =
u2n+1(m,m)
mn
(2.5)
for n = 0, 1, 2, . . . . Clearly both sides of (2.3) coincide with 1 when n = 0.
Note that
v3(m− 4, 4−m)
(m− 4)2 =
v2(m− 4, 4−m) + v1(m− 4, 4−m)
m− 4
=v1(m− 4), 4−m) + v0(m− 4, 4−m) + v1(m− 4, 4−m)
m− 4
=m− 4 + 2 + 1 = m− 1 = u2(m,m)− u1(m,m) = u3(m,m)
m
.
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Also, for n = 2, 3, . . . we have
v2n+1(m− 4, 4−m)
(m− 4)n+1
=
v2n−1(m− 4, 4−m) + v2n(m− 4, 4−m)
(m− 4)n
=
(1 + (m− 4))v2n−1(m− 4, 4−m) + (m− 4)v2n−2(m− 4, 4−m)
(m− 4)n
=
(m− 2)v2n−1(m− 4, 4−m)− (m− 4)v2n−3(m− 4, 4−m)
(m− 4)n
=(m− 2)v2n−1(m− 4, 4−m)
(m− 4)n −
v2n−3(m− 4, 4−m)
(m− 4)n−1
and
u2n+1(m,m)
mn
=
u2n(m,m)− u2n−1
mn−1
=
(m− 1)u2n−1(m,m)−mu2n−2(m,m)
mn−1
=
(m− 1)u2n−1(m,m)− (u2n−1(m,m) +mu2n−3(m,m))
mn−1
=(m− 2)u2n−1(m,m)
mn−1
− u2n−3(m,m)
mn−2
.
Thus, by induction (2.5) holds for all n ∈ N.
(ii) By part (i),
up(m,m) =
m(p−1)/2
(m− 4)(p+1)/2 (vp(m−4, 4−m)−(m−4)
p)+(m(m−4))(p−1)/2.
Since vp(m− 4, 4−m) ≡ (m− 4)p (mod p) and
∆(p−1)/2 −
(
∆
p
)
=(m− 4)(p−1)/2
(
m(p−1)/2 −
(
m
p
))
+
(
m
p
)(
(m− 4)(p−1)/2 −
(
m− 4
p
))
≡
(
∆
p
)(
m
p
)(
m(p−1)/2 −
(
m
p
))
+
(
∆
p
)(
m− 4
p
)(
(m− 4)(p−1)/2 −
(
m− 4
p
))
≡1
2
(
∆
p
)(
mp−1 − 1 + (m− 4)p−1 − 1) (mod p2),
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we have
up(m,m)−
(
∆
p
)
≡
(m
p
)
(m− 4)(m−4
p
)
(vp(m− 4, 4−m) − (m− 4)p)
+
1
2
(
∆
p
)(
mp−1 − 1 + (m− 4)p−1 − 1)
≡ 1
m− 4
(
∆
p
)
(vp(m− 4, 4−m)− (m− 4)p)
+
p
2
(
∆
p
)
(qp(m) + qp(m− 4)) (mod p2).
On the other hand, by [S10a, Lemma 2.4] we have
2up(m,m)−
(
∆
p
)
mp−1 ≡ up(m− 2, 1) + up−(∆
p
)(m− 2, 1) (mod p2).
Thus
2
m− 4
(
∆
p
)
(vp(m− 4, 4−m)− (m− 4)p)
≡up(m− 2, 1)−
(
∆
p
)
+ up−(∆
p
(m− 2, 1)−
(
∆
p
)
pqp(m− 4) (mod p2).
Comparing this with (2.4) we have reduced (2.4) to the following congru-
ence
up(m− 2, 1)−
(
∆
p
)
≡
(m
2
− 1
)
up−(∆
p
)(m− 2, 1) (mod p2). (2.6)
Let α and β be the two roots of the equation x2 − (m − 2)x + 1 = 0.
Then
vn(m− 2, 1)2 −∆u2n(m− 2, 1) = (αn + βn)2 − (αn − βn)2 = 4(αβ)n = 4
for all n ∈ N. As up−(∆
p
)(m− 2, 1) ≡ 0 (mod p) we have
vp−(∆
p
)(m− 2, 1)2 − 4 ≡ 0 (mod p).
By [S10a, Lemma 2.3], vp−(∆
p
)(m− 2, 1) ≡ 2 (mod p). So
vp−(∆
p
)(m− 2, 1) ≡ 2 (mod p2).
By induction, (m − 2)un(m − 2, 1) ± vn(m − 2, 1) = 2un±1(m − 2, 1) for
all n ∈ Z+. Therefore
2up(m− 2, 1) =(m− 2)up−(∆
p
)(m− 2, 1) +
(
∆
p
)
vp−(∆
p
)(m− 2, 1)
≡(m− 2)up−(∆
p
)(m− 2, 1) + 2
(
∆
p
)
(mod p)
and hence (2.6) follows.
The proof of Lemma 2.4 is now complete. 
Combining Lemmas 2.3 and 2.4 we get the following result.
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Lemma 2.5. Let p be an odd prime and let m ∈ Z with ∆ = m(m− 4) 6≡
0 (mod p). Then
p−1∑
k=1
(−1)k
(
2k
k
)
k(m− 4)k ≡ qp(m− 4)−
m
2
(
∆
p
) up−(∆
p
)(m− 2, 1)
p
(mod p).
(2.7)
3. Proofs of Theorems 1.1–1.2 and (1.3)
Proof of Theorem 1.2. For k = 0, . . . , pa − 1, clearly(
hpa − 1
k
)
(−1)k =(−1)k
∏
0<j6k
hpa − j
j
=
∏
0<j6k
(
1− hp
a
j
)
≡1− h
∑
0<j6k
pa
j
= 1− hpaHk (mod p).
Thus
pa−1∑
k=0
(
hpa − 1
k
) (2k
k
)
(−m)k ≡
pa−1∑
k=0
(
2k
k
)
mk
− hpa
pa−1∑
k=0
Hk
mk
(
2k
k
)
(mod p).
If p ∤ m− 4, then by applying Lemmas 2.1, 2.2 and 2.5 we get
pa−1∑
k=0
(
hpa − 1
k
) (2k
k
)
(−m)k
≡
pa−1∑
k=0
(
2k
k
)
mk
+ ph
(
∆
pa
) p−1∑
k=1
(−1)k
(
2k
k
)
k(m− 4)k
≡
(
∆
pa
)
+
(
∆
pa−1
)
up−(∆
p
)(m− 2, 1)
+ ph
((
∆
pa
)
qp(m− 4)− m
2
(
∆
pa−1
) up−(∆
p
)(m− 2, 1)
p
)
(mod p)
and hence (1.7) follows. In the case m ≡ 4 (mod p), we have
pa
pa−1∑
k=1
Hk
mk
(
2k
k
)
≡ 2pδa,1 (mod p2)
by Lemma 2.1, and
up−(∆
p
(m− 2, 1) = up(m− 2, 1)
≡p
(
m− 2
2
)p−1
+ δp,3m
m− 4
3
≡ p+ δp,3(m− 4) (mod p2).
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by [S10b, Lemma 2.2]. So (1.7) also holds when p | m− 4.
Since up−(∆
p
)(m− 2, 1) ≡ 0 (mod p) by [S10a, Lemma 2.3], (1.7) in the
case hm ≡ 2 (mod p) yields (1.8).
So far we have completed the proof of Theorem 1.2. 
Proof of Theorem 1.1. Choose m ∈ Z such that hm ≡ 2 (mod p2). Clearly
p ∤ m. Note that
m− 4 ≡ 2
h
− 4 = 2− 4h
h
(mod p2).
So we may get (1.1) by applying (1.8). This concludes the proof of Theo-
rem 1.1. 
Proof of (1.3). For k ∈ N clearly the constant term of
(2− x− x−1)k = (−1)
k
xk
(x− 1)2k
is the central binomial coefficient
(
2k
k
)
. Observe that
n−1∑
k=0
(
n− 1
k
)
(−1)kmn−1−k(2− x− x−1)k = (m− 2 + x+ x−1)n−1.
Comparing the constant terms of both sides of the last equality we obtain
n−1∑
k=0
(
n− 1
k
)(
2k
k
)
(−1)kmn−1−k
=
⌊(n−1)/2⌋∑
k=0
(
n− 1
k, k, n− 1− 2k
)
(m− 2)n−1−2k,
which is equivalent to (1.3). We are done. 
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